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ABSTRACT. For any additive functor from a category of modules into an
abelian category there is a largest Giraud subcategory for which the functor acts
faithfully on homomorphisms into the subcategory. It is the largest Giraud sub-
category into which the functor reflects exact sequences, and under certain con-
ditions it is just the largest Giraud subcategory on which the functor acts faith-
fully. If the functor is exact and has a right adjoint, then the subcategory is
equivalent to the quotient category determined by the kemel of the functor. In
certain cases, the construction can be applied to a Morita context in order to
obtain a recent theorem of Mueller.

Similarly, the functor defines a certain reflective subcategory and an
associated radical, which is a torsion radical in case the functor preserves
monomorphisms. Certain results concerning this radical, when defined by an
adjoint functor, can be applied to obtain two theorems of Morita on balanced
modules.

This paper is a continuatjon of the author’s work [2] on T-faithful subcate-
gories of module categories. For the category Rm of unital left R-modules over
aring R with identity, and for any additive functor T: Rm — 8 into an abelian
category B, a subcategory @ of M will be called T-faithful if T is faithful
when restricted to (. (Similarly, @ is left T-faithful if T(f) £ O for every non-
zero R-homomorphism f: M — A, with A € @.) If T is exact and has an adjoint,
one can form the quotient category Rm/Ker (T), which is then equivalent to a
certain Giraud subcategory of R)ﬂ. This Giraud subcategory can be characterized
as the largest left T-faithful Giraud subcategory, and if R is commutative and
Noetherian, it is the largest T-faithful Giraud subcategory of R?ﬂ (Corollary 3.10),

For any functor T: Rm — B it is possible to construct the largest Giraud
subcategory of RW( which is left T-faithful, thus generalizing in a certain sense
the construction of the quotient category Rm/ Ker (T). If T is exact, this sub-
category is determined by the smallest hereditary torsion class of Rm which con-
tains Ker (T). The construction is useful even when T is not exact. Mueller
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has shown in [12] that any Morita context induces an equivalence between appro-
priate quotient categories. In certain cases these subcategories are precisely
the ones constructed in the above manner.

$1 studies reflective T-faithful subcategories, and gives the construction of
a subcategory £F(T) which is the largest left T-faithful reflective subcategory
of Rm‘ This determines a radical rad, of Rm, which is a torsion radical if T
is a monofunctor (Theorem 1.8). A characterization of rad;. is given when T
has a right adjoint. §2 gives some examples, and shows that if T =.Hom,, (P, -)
for a module P, then rad; is determined by the trace ideal of P, In this case
conditions are given under which the torsion class determined by radp is a
TTF-class,

§3 is concerned with the construction of a Giraud subcategory determined
by rad;. This is characterized in Theorem 3.7 as the largest Giraud subcategory
@ (with exact reflector Q: Rm — () which satisfies any one of the following
conditions: (i) @ is T-faithful and T(f) = 0 implies TQ(/) =0 for all R-homomor-
phisms f; (ii) T(f) = 0 implies Q(f) = 0 for all R-homomorphisms f; (iii) for any
sequence M'— M — M" in ), the image of the sequence under Q is exact if
the image of the sequence under T is exact. Thus one might loosely say that
the construction gives the largest Giraud subcategory into which T reflects
exact sequences, generalizing the statement that T reflects exact sequences if it
is faithful.

S4 gives an application to Morita contexts, and also generalizes several
theorems of Morita [11]. If T is covariant and has a right adjoint S or is contra-
variant with § adjoint on the right, then for each module M € Rm, rad, determines
a module Q.(M) € £F(T) which is analogous to a module of quotients, and co-
incides with the usual module of quotients if T is exact. Theorem 4.9 shows
that the homomorphism M — ST(M) induced by the adjoint situation is an isomor-
phism if and only if Q.(M) = ST(M) and there exists an exact sequence 0 — M —
$(B) — N, for some B € B and N € £F(T). As an application of the theorem, it
is shown that a faithful module rY is balanced if and only if V-dom dim rR2>2
and V is a module of type F,, a result due to Morita [11, Theorem 5.1].

The results have been stated for categories of modules, since the examples
and applications of interest to the author are found in module categories, but the
proofs can be extended immediately. The construction of £F(T) in $1 requires
an abelian category which is complete and locally small. The construction of
£F ,(T) in $3 requires in addition the existence of enough injectives.

L. Reflective T-faithful subcategories. In this section T: RN — B will
denote an additive functor (either covariant or contravariant) into an abelian
category B. The full subcategory of Rm determined by those modules rM such
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that T(/) £ 0 for all R-homomorphisms 0 # f: X — M will be denoted by £F(1).
(See [2].) Recall that if T is covariant, then a covariant functor S: $ — Rm is

a right adjoint for T (and T is a left adjoint for S) if there exists a natural
equivalence of set-valued bifunctors 7: Homg (T¢.), =) — Homp (+, S(=)). For
any M € R)II and B € B, the natural equivalence induces morphisms by =
1Ly M — ST(M) and ¢y = 9~ 1(lS(B)): TS(B) — B, and for any morphism

f: M = S(B), 77 1(f) is the unique R-homomorphism for which the following dia-
gram commutes

fe.)
M—2esT(M)
) St~
s(B)

Furthermore, 7~ 1(f) =ygT(f), and so f # 0 implies T(f) # 0, which shows that
S(B) belongs to £F(T).

If T is covariant and has a right adjoint, then the dual of [2, Proposition 1.7]
shows that, for any M € R?II, M € £F(T) if and only if ¢, is a monomorphism.
Note that £F(T) = £F(ST). It is immediate that £F(ST) C £F(T), and on the
other hand, if M € £F(T), then $y: M — ST(M) is a monomorphism, so @,/ # 0
for any R-homomorphism 0 # f: X — M. But then ST()pgr ) # 0 and this
implies ST(f) £ 0.

A subcategory @ of Rm is called a reflective subcategory if the inclusion
functor Inc: @ — Rﬁl( has a left adjoint (or reflector) Q: R?ll — (. That Qisa
left adjoint is equivalent to the existence, for each M € Rm, of an R-homomor-
phism ¢,: M — Q(M) such that any R-homomorphism f: M — A, with A € @,
factors uniquely through ¢,. (Here A and Inc (A) have been identified.) The
subcategory @ is called epireflective if ¢y is an epimorphism for each M € R)ll.
In this case Q preserves epimorphisms.

Definition (1.1) Let T: Rm — B be a functor. Foreach M € Rm, define
rady. (M) = {m € M: f(m) = 0 for all f € Homy (M, X) such that X € £F(T)}.

It can be checked easily that rad,. defines a radical of Rm’ that is, that, for
all R-homomorphisms f: ;M — N, f(rad (M) C rad(N), and moreover, that
rad . (M/rad (M) = 0 for all M € R?Tl. Recall that a left exact radical is called
a torsion radical. Theorem 1.8 gives conditions under which rad,. is a torsion
radical. If T is covariant and has a right adjoint, then for all M € Rm, rad (M) =
ker (¢y). That rad (M) C ker (¢,,) follows since ¢, M.— ST(M) and
ST(M) € £F(T). On the other hand, any R-homomorphism f: M — rX vields the

following commutative diagram,
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; @
ket (B,)—» M —— ST(M)

f l [ ST(f)
¢
X —X o sT(X)

If X € £F(T), then ¢y is a monomorphism, and so ST()¢yi =0 implies ¢, fi =0
and therefore fi = 0. Thus ker (¢,) C rad(M).

Proposition (1.2) For any functor T: RW( — 8, £F(T) is an epireflective
subcategory, and £F(T) = £F(Q) for the reflector Q: RJII — £5(1).

Proof. Since £F(T) is complete [2, Corollary 1.6] and closed under sub-
modules, it is epireflective [9, Chapter V, Proposition 6.1]. For M € RJII,
Q(M) = M/rad(M) defines the reflector Q, and by the preceding remarks
M e £5(Q) = rad (M) =0 =M ¢ £X(T). o

Lemma (1.3) Let @ be a reflective subcategory of Rm with reflector Q, and
let T: JJU—B. If Me T and QM) € £F(T), then T()) = 0 implies Q(f) = 0,
for any R-homomorphism f: X — M.

Proof. If T(/) = 0, then T(¢,) = 0, and since Q(M) € £F(T) this implies
that ¢,/ = 0. But then Q(/) = 0 since Q(/) is the unique homomorphism which
makes the following diagram commutative. O

@
X X

2(X)

1 e
)
M _.._M__..Q(M)

Theorem (1.4) Let @ be a reflective subcategory of R)K with reflector Q,

and let T: Rm — B be any functor. Then the following conditions are equivalent:
(@) @ is a subcategory of £F(T).
(b) @ is T-faithful, and T(f) = 0 implies TQ(/) = 0, for all R-bomomorphisms f.
(c) T(f) = 0 implies Q(f) = 0, for all R-homomorphsims f.

Proof. (a) = (b). If @ is a subcategory of £F(T), then @ is T-faithful
since £F(T) is T-faithful. For any R-homomorphism f: RX — gM, O0M) € £F(m)
and so by Lemma 1.3, T(f) = 0 implies O(f) = 0 and hence TQ(f) = 0.

(b) = (c). If T(/) = 0, then by assumption TQ{) = 0. But Q(f) is in @ and
@ is T-faithful, so Q(f) = 0.

(c) = (a). If T(f)=0 implies Q(/) = 0, then £F(Q) C £F(T). The conclusion
follows from previous remarks about adjoints, since the inclusion functor is a
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right adjoint for Q, and hence A € £F(Q forall A e X. D

This shows that £F(T) is the largest reflective T-faithful subcategory whose
reflector Q satisfies the condition T(f) = 0 implies TQ(f) = 0. The next
corollaries are attempts to remove the last condition. A functor will be called an
epifunctor if it is covariant and preserves epimorphisms or contravariant and carries
epimorphisms to monomorphisms.

Corollary (1.5) Let @ be an epireflective subcategory of R)II, and let
T: Rm — B be a functor, with reflector Q: Rm — £F(1).

(a) If T is an epifunctor, then Q is T-faithful = @ C £F(T).

(b) @ is Q-faithful = @ C £F(T).

Proof. (a) Assume that @ is T-faithful, with reflector 0 RJII — @, and
that T is a covariant epifunctor. If f € Hom, (M, N) and T(f) = 0, then
TQ(NT(#,,) = T($)T() = 0, so TQ(f) = 0 since by assumption T(¢,,) is an
epimorphism. By Theorem 1.4(b), & C £F(7).

(b) This follows from (a), since Q is an epifunctor and £F(Q) = £F(T). o

Corollary (1.6) If T: J8 = B is an epifunctor, then EF(T) is the largest
epireflective T-faithful subcategory of Rm.

Corollary (1.7) Let @ be a reflective subcategory of RJR, with reflector
T: Rm — Q®. Then T is naturally isomorphic to TQ, for the reflector Q: RJII -
£F(T), and for all M € Rm, M — QM) — TQ(M) is the factorization of M — T(M)
into an epimorphism followed by a monomorphism.

Proof. Forany M ¢ Rm, M — QM) is an epimorphism, and Q(M) — TQ(M)
is a monomorphism since QM) € £F(T). If A € @ and f: M — A, then [ factors
uniquely through Q(M) since A € £F(T). But then [ further factors uniquely
through TQ(M), and so this shows that TQ is a left adjoint for the inclusion
functor. Since adjoints are unique up to natural isomorphism, TQ is naturally
isomorphic to T. O

A class C of modules is called a torsion class if it is closed under forma-
tion of homomorphic images, direct sums, and (group) extensions, and a tarsionfree
class if it is closed under submodules, direct products, and (group) extensions.
A torsion class is called hereditary if it is closed under submodules. There is a
one-to-one correspondence between hereditary torsion classes, torsion radicals,
and torsionfree classes closed under essential extensions [13, Proposition 2.6].

Theorem (1.8) Let T: Rm — B be a functor.

(@) If T is a monofunctor, then tady. is a torsion radical.

(b) If T is exact, then the torsion class of rad. is the smallest bereditary
torsion class containing Ker (T).
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Proof. (a) If T is a monofunctor, then by the dual of [2, Proposition 2.4],
£F(T) is closed under (group) extensions, and by [2, Proposition 2.5, it is
closed under essential extensions. Therefore the radical rad,. determined by
£F(T) is a torsion radical.

(b) By [2, Proposition 2.6], M € £F(T) if and only if Homp (K, M) = 0 for
all K € Ker (T). The torsion class of rad is the collection of modules rN
such that Hom, (N, M) = 0 for all M in £3(T), and so this is precisely the
hereditary torsion class generated by Ker(T). O

2, Examples. For modules oM and P, the functors Homp (-, M) and
Hom, (P, -) will be denoted by H, and HP respectively. In[2], £F(H M) and
RFHP ), RF(HP) is defined dually) were studied. Every torsion radical has the
form rad. for T = Hy for an appropriate injective module oM, since £F(T) is
just the full subcategory of modules cogenerated by M. The main purpose of this
section is to study £F(HP), which by Theorem 1.8 determines a torsion radical
since HP is always left exact.

For modules M and P, let try (P) be the sum in M of all R-homomorphic
images of P. Anideal A of R will be called a trace ideal if A = tr, (P) for
some module P. Itis evident that A is a trace ideal if and only if A =ty (4),
and that trace ideals are just the torsion ideals of idempotent preradicals. In
particular, any idempotent ideal is a trace ideal, (See [3].)

Proposition (2.1) Let P ¢ Rm, and let U be a generator for R)ll.
(a) £F(HP) = £FHY), for gV =1t (P).
) M € £F(HP) = Homy (U/V, M) = 0.

Proof. (a) Since P generates V, HV(f) £ 0 implies HP(f) £ 0, for any R-
homomorphism f, and so £F(HY) C £F(HP). On the other hand, if M € £F(HP)
and 0 #f: ;X — oM, then since U is a generator there exists a homomorphism
h: U = X with fh £ 0, Since HE(fb) £ 0 by assumption, there exists g: P — U
with fbg # 0, and then fh(V) £ 0 because g(P) C V. Thus HY (f) £ 0, and
M e £FHY).

(b) (=). If M € £F(HP) and Hom (U/V, M) £0, say 04 f: U/V — M, then
HP(fp) #£ 0 for the projection p: U — U/V, so there exists g: P — U with fpg # 0.
But g(P) CV since V =tr, (P), a contradiction.

(=). If 0£f: X — M, then there exists g: U — X with fg # 0, since U is
a generator. But then if Homp (U/V, M) =0, fe(V) £ 0, since otherwise fg
would factor through U/V. Therefore M € FHY) = £FHP). o

Corollary (2.2) Let P € N and A =trp (P). Then M € £FHP) =
Ann, (4) = 0.
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Proof. By Proposition 2.1, M € £F(HP) = Hom, (R/A, M) = 0, and this
occurs if and only if Anny (A)={m € M: Am=0}=0, O

Corollary (2.3) Let P € Rm, and let T = HP, Then rad,. is the identity
functor on Rm if and only if try (P) is a right t-nilpotent ideal.

Proof. An ideal A of R is called right t-nilpotent if for any sequence
(@, a, as, «++) of elements of A the product a, -+ aya, =0 for some n. An
unpublished lemma of G. Azumaya shows that an ideal A is right f-nilpotent if
and only if Am‘lM (A) £ 0 for all modules RM, and so it follows from Corollary
2.2 that £F(HP) contains only the zero module if and only if trp (P) is right
t-nilpotent. O

Proposition (2.4) Let Py be a right R-module, and let T: R)I( — zm be the
functor T = P @R -. For M € Rm, M; = Homz M, Q/Z)R will denote the char-
acter module of M.

(a) M € £F(T) if Py generates M;.

() If Py is flat, then M € £F(T) = Homp, (P, M7) £ 0 for all nonzero
R-submodules M, C M.

(c) If Py is projective, then PH(T) = £F(HA), for A =1t (PR).

Proof. (a) The natural isomorphism Hom,, (P ® M, 0/ Z)~
Homp (P, Hom (M, Q/Z)) shows that the following diagram is commutative.

T
Rm Zm
Ho /7 j J Hoyz
. HP
N

Since Q/Z is a cogenerator in zm, Hg 7 is faithful and therefore £F(1) =
£5 Hy,,T) = £FHPHyz). Since Hg 7 is contravariant, M € £F(1) if
My = H, (M) € RF(HP).

(b) Since T is right exact, the dual of [2, Proposition 2.3] shows that
M € £F(T) if and only if Homp, (P, i*): Hom, (P, M*) — Hom,, (P, M:) is
nonzero for the homomorphism i* induced by the inclusion mapping i: My — M
for any nonzero submodule M, of M. When T is exact, this can be strengthened
to condition (b), again by using the dual of [2, Proposition 2.3].

(c) If Py is projective, then P ® M = 0 if and only if AM =0, where
A=ty (PR). Since T is exact, M € £F(T) if and only if M has no nonzero
submodules in Ker (T), and this occurs if and only if Ann, (A) = 0. Because
A is an idempotent ideal, it is a trace ideal when viewed as a left ideal, and
applying Corollary 2.2 shows that £F(T) = £F(H4). o
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A class of modules is called a TTF-class if it is both a torsion class and a
torsionfree class. There is a one-to-one correspondence between TTF-classes
and idempotent ideals of the ring R, and this correspondence is given by associ-
ating to an idempotent ideal A the class of modules annihilated by A [6]. The
corresponding torsionfree class is then just the class of modules M such that
Anny (A) = 0. This proves the following proposition.

Proposition (2.5) A class € of modules is the torsionfree class of a TTF-
class = C=LF(HA) for an idempotent ideal A.

Proposition (2.6) For a module [P such that P € £FHP), £FHP) is a
TTF-class = S£FHP) = LF(HA) for an ideal A = Re generated by a central
idempotent e.

Proof. Let C be the torsion class corresponding to £FHP), and let
D = {M: Homp (X, M) = 0} for all X € £F(HP).

(=). Since HP is left exact, Theorem 1.8 shows that C is hereditary.
Furthermore, D is closed under factor modules, since if M € 3), 0#£p: RM - RN
is an epimorphism and 0 £ f: X = N, for X € £F(HP), then since £F(HP) is a
TTF<lass it is closed under epimorphisms and so /(X) € £F(HP). Thus for
My=p~ 1(/(X)), 0#£p: M, — f(X), and hence there exists g: P — M, with
pg £ 0. This is impossbile since P € £F(HP) and M, € 9. By [1, Corollary 7],
C=9 and £F(HP) = {M: BM = 0} for a principal left ideal B generated by a
central idempotent e. If A = R(1 - e), then BM = 0 = Ann, (A) =0, so by
Corollary 2.2, £F(HP) = £F(H4).

(=). If A = Re, then let B = R(1 ~¢). Then it follows from Corollary 2.2
that £F(HA) = {M: Aan,, (A) = 0} = {M: BM = 0}. Since B is an idempotent ideal,
the correspondence between idempotent ideals and TTF-classes shows that
£F(HA) is a TTF-class. O

Note that if £F(HP) = RF(HP), then P € £F(HP) and LFWHP) isa
TTF-class, Thus if R has no central idempotents other than 0 and 1, then for
rP £0, LFHP) = RF(HP) if and only if P is a generator for Rm, and so in
such a case £F(HP) and RF(HP) rarely coincide. On the other hand, if A = Re
for a central idempotent e, then £F(HA) is just the full subcategory of A-modules,

and so £F(HA) = RF(HA).

Proposition (2.7) For P € pMl, RF(HP) is closed under products if and only
if P is finitely generated as a module over Endy (P).

Proof. (=). If RF(HP) is closed under products, then P generates

Hael P,, where P, = P and the index set I is P itself, Let x € ﬂae' P, be

the element with pth component x, =D Then x = E;’zl /i(pj) for elements
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p; € P and f; € Homp (P, I, P,). For the projections np O,y Py — P,
p 7, (x) = 2" 7 / (p ), with = »f; € End p (P). Thus P is generated over
End, (P) by the elements bpreecs by,

(=) If the modules {M } ., are each generatedby P, then given x € M, M,
the ath component satisfies x , = 21 1 f"(x ) for elements x € P and / €
Homp (P, M_). Since P is generated over Endp (P) by fxmtely many elements,
say pl, **+» P, there exist elements g . € End (P) with x7 = = lg"(p)
Letb _2"'1/ 8;;+ Then x, =2 a(p) andforb P—'l'[ M, given

by b;=Ib%, x = b 6. whxch shows thae 1 M is genetated by P,
and thus Hae, M, € %(HP) a]

The above proposition is related to Proposition 3.6 of [4]. The proof of the
next proposition is easy, so it has been omitted. A similar result is that RF(HP )
=&FH p) ifand only if P is a generator and a cogenerator as an R/Ann (P)-module.

Proposition (2.8) The following conditions are equivalent for P € )R
(@) RFHP) is closed under submodules and products.

(b) P is a generator as an R/Ann (P)-module.

(c) RFHP) is the full subcategory of R/Ann (P)-modules.

T-faithful Giraud subcategories. A Giraud subcategory of R)ll is a full
reflective subcategory whose reflector is exact. (See [13].) Such a subcategory
is a Grothendieck category, and in fact any Grothendieck category is equivalent
to a Giraud subcategory of some category of modules. Throughout this section
T: Rm — B will be a fixed additive functor into an abelian category 8.

Definition (3.1) The full subcategory of m determined by all modules
such that there exists an injective resolution 0 SMoX o X e thh
X, € £F(T) will be denoted by £F (7). Similarly, £F 2(T) wxll denote the full
subcategory determined by all modules rM such that there exists an injective
resolution 0 —M — X — X; — X, — ... with X, and X, in £H(7).

IfT isa monofunctot, then ﬂ(T) is closed under essential extenswns, so
£F(r) = &F 1(T). This is not the case in general, since for the functor H, Jﬁ~

2W, £F(H,) is the class of torsionless abelian groups, but £F 1(H2) contains

only the zero group since no nonzero divisible group is torsionless, If oV isan
injective module, then M € £F JSH V) if and only if V-dom dim M > 2, as is shown
by Storrer [7, Proposition A.S]. The definition is thus motivated by the notion of
dominant dimension used by Tachikawa in [15].

Lemma (3.2) Let M ¢ Rm, with injective envelope E(M).
(a) M € £F (T) = E(M) ¢ £F(T).
(b) M € £F (T) = EM) and E(EM)/M) belong to SF(T).
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Proof. Each term in the minimal injective resolution of M, given by 0 — M
— E(M) — E(E(M)/M) — ..., is a direct summand of the corresponding term in
every injective resolution [7, Lemma A.3], The result follows since £F(T) is

closed under submodules. O

Proposition (3.3) gffl(T) is the torsionfree class of a torsion radical.

Proof. By Lemma 3.2 (a), £F 1(T) is closed under submodules, direct
products, and injective envelopes. If 0 — M'— M — M" — 0 is an exact sequence
in Rm with M, M" € EEI(T), then M can be embedded in E(M') ® E(M"), and so
Me£F (D). o

Theorem (3.4) £ (T) is a Giraud subcategory.

Proof. Since £F ,(T) is the torsionfree class of a torsion radical, by [13,
Theorem 10.2] there is a corresponding Giraud subcategory consisting of those
modules oM such that E(M) and E(E(M)/M) belong to £&F (T). By Lemma 3.2
this is precisely £F 2(T). a

By construction, £F 1(T) is the largest torsionfree class (of a torsion radical)
which is contained in £F(T), and similarly, £F ,{T) is the largest Giraud sub-
category contained in £F(T), so £F,(T) can be characterized as the largest left
T-faithful Giraud subcategory of Rm'(. Theorem 3.4 can also be deduced from
[9, Chapter V, Theorem 6.8] and the following proposition, for which it is interes-
ting to have a proof which uses only Lemma 3.2,

Proposition (3.5) Let 0 — M’ — M —M" — 0 be an exact sequence in X,
with M € £F (T). If M' € £F (T), then M" € £F (T) and the converse holds if
M e £F (T).

Proof. Assume that M € S.’?z(T). Then E(M) = E(M') ® X, where rX is
injective, and X € £F(T) since M € £F (T). Now M" =~ M/M' C EM)/M’ =
(E(M')/M") ® X, and so E(M") ~ EM/M") C E(E(M')/M") ® X. The last module
belongs to £F(T) by Lemma 3.2 since M’ € .9.?2(7'), so E(M") € £5(T) and thus
M" e £F (7).

Conversely, assume that M € £F ,T) and M" € £F (T). First, EM') C
E(M) € £F(T). Next, let f: E(M) — (E(M)/M) ® E(M") be the homomorphism induced
by the projections E(M) — E(M)/M and M — M". Then ker (f) = M’ since
f(m) = 0 implies m € M and therefore m € M’, by examining the first component of
the homomorphism and then the second. Thus E(M')/M' C E(M)/M' is isomorphic
to a submodule of E(E(M)/M) ® E(M"), which belongs to £F(T) by assumption,
and so it follows that E(E(M")/M’) € £F(T). By Lemma 3.2 this completes the proof. O
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Proposition (3.6) If T is exact and Ker (T) is an bereditary torsion class,
then £F (T) is equivalent to W/ Ker (T).

Proof. If T is exact and Ker (T) is an hereditary torsion class, then by
Theorem 1.8, £F(T) is the torsionfree class determined by Ker (T) and £F NG
is the Giraud subcategory corresponding to Ker (T). It then follows from [13,
Corollary 7.9] that £F ,(T) is equivalent to the quotient category J/Ker (T)
constructed in the usual way. (See [13] or [14].) O

Theorem (3.7) Let Q be a Giraud subcategory of Rm with exact reflector
0: Rm — (. The following conditions are. equivalent:

(@) @ is a subcategory of £F (7).

) Q is T-faithful and T(f) = 0 implies TQ(f) = 0, for all R-homomorphisms f.

(c) T(f) = 0 implies Q(f) = 0, for all R-bomomorphisms f.

) If M'— M — M" is any sequence of R-modules, then if the image under
T of M' = M — M" is exact, so is Q(M") — QM) — Q(M").

Proof. Since £F,(T)C £5(T), (a) = (b) and (b) == (c) follow directly from
Theorem 1.4, Assume that T is covanant.

(c) = (d). Suppose that M’ Ly&y is a sequence such that T(M')
T(M) Z& T(M") is exact in B. Then T(gf) = 0 implies Q(gf)= 0. Let u: K— M
be the kernel of g and p: M — C be the cokernel of f. Then T(z) factors through
the kernel of T(g) and T(p) factors through the cokernel of T(g). Hence
T(pu) = 0, and this implies that Q(pu) = 0. But Q is exact, so it preserves kernels
and cokernels, which means that Q(x) = ker (Q(g)) and Q(p) = coker (Q(f)). Since
0(»)0(x) = 0, this implies that Q(M') — Q(M) — Q(M") is exact.

(d) =+ (c). Suppose that T(/) 0 for / M — M". Then for the identity
1I: M -—»M the scquence (M) LT T T(M") is exact. By assumption,
o) L oy ZL o is exact, which implies Q(f) = 0.

(c) = (a). If T(/) =0 implies Q(f) = 0, then by Theorem 1.4, @ C £F(T).
If A € @, then since @ is abelian and has enough injectives, there exists an
injective resolution 0 = A — X, — X, in (. The inclusion functor is left exact
and preserves injectives, so in R)T(, 0 —A —X, — X, is an injective resolution
with Xo, X; € £F(T). By definition, A € £F(T). o

Lemma (3.8) If T =TQ for the reflector Q: Rm —'%Z(T) and Q@ isaT-
faithful Giraud subcategory of Rm, then M € £F(T) if M and QM) are in Q.

Proof. If M, QM) € @, let éy: M —QO(M) be the homomorphism given by the
adjoint situation. Since @ is a Giraud subcategory, it follows that ker (py) € Q.
For the identity 1 of ker (¢,) it follows that T(1) = TQ(1) = 0, and then since @
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is T-faithful, 1 =0 and ker (¢, ) = 0, which shows that M € £Fm). o

Note that it is not true in general that T = TQ, since it is possible to have )
T £0 but Q =0, for example T = H,: ,J — ). Recall that an hereditary torsion
class is called stable if it is closed under essential extensions.

Proposition (3.9) If T is exact and Ker (T) is a stable, bereditary torsion
class, then £F ,T) is the largest T-faithful Giraud subcategory of RJI(.

Proof. To show that £F ,{T) is a maximal T-faithful Giraud subcategory it
is not necessary to assume that Ker (T) is stable. If T is exact and Ker (T) is
an hereditary torsion class, then T = TQ by [14, p. 40, so if @ is a Giraud sub-
category containing 5‘33"2(T) which is T-faithful, then the conditions of Lemma 3.8
are satisfied for each M € (@, and so @ ¢ £F(T). Since 93"2(7') is the largest
Giraud subcategory contained in £F(T), @ ¢ £F AT).

IfQ': Rm — (@ is the reflection into a T-faithful Giraud subcategory, and
M € Ker (T), let M — M" — Q'(M) be the factorization of the natural homomor-
phism M — /(M) into an epimorphism followed by a monomorphism. Then
M" € Ker (T) since M —M" is an epimorphism, and since Ker (T) is stable,
Q'(M) € Ker (T) because M" — Q'(M) is an essential monomorphism. Thus
TQ'(M) = 0 and so Q'(M) = 0 since @ is T-faithful. Finally, @ C £F (T) since
Ker (Q') D Ker (T) = Ker (Q). O

Corollary (3.10) If R is commutative and Noetherian, and T is covariant and
bas a right adjoint, then £F AT) is characterized as the largest T-faithful Giraud
subcategory of RJIL

Proof. Since T has an adjoint, Ker (T) is an hereditary torsion class.,
Furthermore, Ker (T) is stable since R is commutative and Noetherian [13,
Proposition 5.12]. O

4. Applications.

Proposition (4.1) Let B be an additive category, and suppose the covariant
functor S: m — B has a left adjoint T,with Y: TS —1d the associated natural
trans[ormatzon Let A=1Im (t//R)

(a) gM € £3(S) = Anny (4) = 0.

(b) RM e £F A8) = the natural mapping M — pHomp (A, M) is an isomorphism.

Proof. (a) For any homomorphism f: R — M, the following diagram is

commutative.
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wR
TS(R) —— R

77 (s() f
M

Thus S() £ 0 e 7~ X(S() £ 0 o fihp #0, and so S() # 0 e f(A) £ 0. It follows from this
that if M € £X(S), then Homg, (R/A, M) = 0, Conversely, if /: gZX— pM, then there
exists g: R = X with fg # 0, and if Hom (R/A, M) = 0, then [g(A) £ 0, which
implies S(fg) # 0 and therefore S(f) £ 0, so that M € £5(s). This proves (a),
since Anny (A) = 0 = Hom, (R/A, M) =0,

(b) This follows immediately from (a) and the characterization of the quotient
category determined by an ideal A given by Mueller [12, Proposition 1]. Note
that § is a monofunctor, and so £F 18 = £56). o

Proposition (4.2) In the above situation, the inclusion functor from gffz(S)
into R)ﬂ preserves direct sums.

Proof. If {M } e is a set of modules in 53?2(8), then the factor module
E@,c; My)/ D, M, is in £F(S). To show this, if x € E(D,,, M,), with
Ax e @, M, then Ax € @, .M, for some finite subset F of I. But this
finite direct sum is in 332(5), and so E(@ae’ Ma)/®a€F M, belongs to
£5(s), and therefore x € D,
to £F ,8). o

Note that this proof applies to the quotient category determined by any ideal,

¢r M. Thus by Proposition 3.5, &,.; M, belongs

and so in particular it applies to £F (T) for T = P ® ~, where P R is projective.
A Morita context consists of two rings R and R’ and two bimodules r'PRr
and pMp, together with two bimodule homomorphisms (-, =): (M ® p,Pp — R
and [, -1: o /P® My, — R’ satisfying the conditions mlp, m'] = (m, p)m' and
p(m, p') = [p, mlp’ for all p, p' € P and m, m' € M. Let A and A’ be the
respective images of the maps (-, =) and [—, =]. A context is nondegeneratable
if the two ideals A and A’ are faithful as left and right modules [12, Proposition
12]. Let RHomR,(P, -)=HP; R,m - Rm and p+Homp M, =)= M. Rm - R,)R.

Theorem (4.3) Let (P, M) be a nondegeneratable Morita context. Then the
categories £F (HPHM) and £F (HMHP) are equivalent.

Proof. With the notation previously given, the result holds if it is merely
assumed that Ay and p,A’ are faithful, By [12, Theorem 3], if A, is faithful,
then Annp A =0 and so every R-homomorphism f: ;M® ,P — R factors
through A, so that A is the trace ideal of the module M ® ,P. Similarly,
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A’ is the trace ideal of P ® rMgse Using Corollary 2.2 to translate Mueller’s
terminology into that of this paper, [12, Theorem 3] shows that the categories
£32(HA) and £F Z(HA ") are equivalent. By Corollary 2.2 and the fact that A is
the trace ideal of zM ® p,P, it follows that £52(HM@P ) is equivalent to
£F Z(HP ®M), This completes the proof, since Hom r M ® P, -) is naturally
equivalent to Homp, (P, Homp (M, -)) and Homy, (P ® oM, -) is naturally
equivalent to Homp (M, Homp, (P, -)). O

Until noted otherwise, T: R’K — B will be a covariant functor, with right
adjoint S, If T is exact, then Ker (T) is an hereditary torsion class, and £F AT)
is the corresponding Giraud subcategory. For any B € $ and any exact sequence
0—M =M —M —0 in ) with M* € Ker (T), the natural isomorphism

0 — Homp (M", S(B)) — Hom (M, S(B)) — Hom (M', S(B))
l l l
0 — Hom g (T(M"), B) — Hom g (T(M), B) — Hom ¢ (T(M'), B)

shows, since T(M") = 0, that S(B) is torsionfree and injective with respect to
Ker (T). Hence S(B) € £F ,(T). The module of quotients for any M € &N is
* then given by ker (¢ST( My~ §T(¢,)) as is shown by Proposition 4.5. Using
rad,. this can be generalized to functors which are not necessarily exact.
Definition (4.4) Let T: Rm — B be covariant, with right adjoint S. For
any M € Rfm, define Q..(M) = ker (¢$T(M) - §T(¢y)), where ¢y: M — ST(M)
and @ yy: ST(M) — STST(M) are the homomorphisms determined by the
adjoint situation.

Proposition (4.5) Let T: 1 — B bave a right adjoint .

(a) Forany B € B, QT(S(B)) = S(B).

(b) Forany M € RJT(, QM) is the rad -closure of ¢, (M) in ST(M).

(c) For any M € M, Q.(M) € £H(T), and QM) is a direct summand of

0.(0, ().

Proof. Recall that for a radical p, the p-closure of a submodule M’ in M
is the inverse image in M of p(M/M’). Equivalently, it is the intersection of all
submodules of M which contain M’ and have p-torsionfree quotient.

(a) S(B) is a direct summand of STS(B), since S(‘/’B)‘?SS(B) = lS(B)’ and so
S'I'S(B)/q&s( )\S(B)) is rad torsionfree. Part (b) shows that Q.(S(B)) = S(B).

(b) The diagram
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fe.)
M
M ——— ST(M)
. ¢’m| '¢ST(M)
ST(M) STST(M)
: ST(,)

is commutative, and so (¢gyy = ST(By))dy = 0. Thus &y M) S 0 (M).

It follows immediately from the definition of QT(M) that it is rad.-closed in
ST(M), since STST(M) € £F(T). Thus QM) contains the rad.-closure of
¢y(M). On the other hand, if f: ST(M) — N, with N € £F(T), then the following
diagram is commutative

o)
M M SsT(M) f N
l by l I ¢y
ST(M) STST(M) ST(N)
ST(¢,y) ST(f)

If f¢y =0, then ST()ST(,,) = 0 and so ST(/)ST(¢,)(Q,(M)) = 0. But then
ST(NPg ) QM) = 0 since ST(¢,,) = bsr ) When restricted to QM). Thus
ng[(QT(M)) =0, which shows that f(Q.(M)) = 0, because N € £F(T) and con-
sequently ¢, is a monomorphism, It now follows that Q. (M) is contained in the
rad..~closure of ¢, (M).

(c) QM) € LF(T) since ST(M) € £F(T). The exact sequence

¢ -ST(¢,)
ST~ M”_, sTsT(M)

0 — 0, (M) — ST(M)
shows, by the following lemma, that Q (M) is a direct summand of 0r(Q, ). o

Lemma (4.6) Let T: Rm — B, with right adjoint S, and let M € RW. The
homomorphism ¢ ,: M — Q (M) splits if there exist B € B and N € £F(T)
together with an exact sequence 0 — M — S(B) — N.

Proof. Consider the following diagram, if the hypotheses are satisfied.

0 oM —" . 5(B)—E8. N

QSM‘ ¢S(B)HS(¢B)

ST( M) ——— STS(B)
ST(f)

Then gS(¢B)ST(/)¢M = gS(l/lB)qu(B)/ =gf =0 since S(¢B)¢S(B) = 1g(p)- Since
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N € £5(T), and Q (M) is the rad -closure of M in ST(M), S g)ST(NQ (M)
=0. Thus S(5)ST()Q (M) C f(M), and so [~ Is(y B)ST() gives the splitting
homomorphism, since { is a monomorphism and S(p)ST()$, =f. O

In fact, the same proof can be used to show that M — Q..(M) splits if there
exist B € B, M, N € £F(T), and an exact sequence 0 — M @ M’ — S(B) — N.

This condition is also necessary.

Lemma (4.7) Let T: R?l'( — B, with right adjoint S. The following conditions
are equivalent for any M € Rm.

(@) 9, (M) = ST(M).

(b) The mapping Homg (T(M), T(N)) — Hom (ST(M), ST(N)) induced by §
is onto for all N € RJR.

(c) I/IT(M) is an isomorphism.

(d) T(¢y) is an isomorphism.

(e) ¢ST(M) is an isomorphism.

Proof. Recall that for any M € R?ﬂ, Be®B, f: M > S(B), and g: T(M) — B,
the adjoint mapping 7 satisfies 5~ 1(f) = YgT(f) and 7(g) = S(g)py. From the
first it follows that ¢\ T(¢y) = 11, and SWoruyST(By) = Igr(my and
from the second that S(.p Vg () = Lormy

(a) = (b). Given f: ST(M) — ST(N), consider g = l//T(N)T(/)T(qSM). Then

$(@) = SG 1y STYIST(B,) = SW 1 W IST( Wb 1. 40

= SWryPsTeny = Lston/ =1

since ST(¢)) = ®s1m)> and so (b) holds.

(b) = (c). If (b) holds, then Hom$ (T(M), TST(M)) — HomR(ST(M), STST(M))
is onto, so there exists g € Homg (T(M), TST(M)) with S(g) = ®srm)- Then
&b Ty = S@YrybsTmy = S@SWr y)bsry = @) = Bstmy = My
which implies 3¢T(M) = lT(M)’ and so ¢7‘(M) is an isomorphism,

(c) « (d). This is obvious, since ¢T(M)T(¢M) = Loy

(c) =(e). If ¢T(M) is an isomorphism, then so is S(I,IIT(M)), and so ¢ST(M)
is an isomorphism since S(.r y\)bsr ) = Lor oy

() =(a). If ¢gp(y, is an isomorphism, then so is SG ) and
SWr)ST(bw) = SWru)bsr(uy implies ST(By) = By O

Note that since ¢: ST— STST is a natural transformation, a finite direct sum
of modules satisfies the conditions of the lemma if and only if each summand
satisfies the condition. If f: ;M — N and ST(f) is an epimorphism, then con-
dition (d) of Lemma 4.7 can be used to show that QT(N) = ST(N) if QT(M) = ST(M).
Note that the last three conditions only require, respectively, that l/lT(M) is a
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monomorphism, that T(¢M) is an epimorphism, or that ¢ST(M) is an epimorphism.

Proposition (4.8) Let T: Rfm — B, with right adjoint S, and let M, N € RJll
with {: M = N and Q. (N) = ST(N). Then Q. (M) =ST(M) if TST(f) is a mono-
morphism. This condition is satisfied if T is exact and ker (f) € Ker (T).

Proof. Consider the following commutative diagram.

TST(/)

TST(M) TST(N)

by l Yran

—— )]
T(M) _ vyt

Since Q.(N) = ST(N), Yr(n) is @ monomorphism, so ¢T(N)TST(f) is also a
monomorphism, and consequently ¥y, is a monomorphism. Thus Q..(M) =
ST(M) by Lemma 4.7,

If T is exact, then 0 — T(ker (f)) —T(M) — T(N) is exact, and so T(f)
is a monomorphism. Since T is exact and S is a monofunctor, TST(f) must be
a monomorphism, and the previous condition holds. O

Theorem (4.9) Let T: Rm — B, with right adjoint S, and let M € RJII. Then
Gy: M — ST(M) is an isomorphism if and only if Q. (M) =ST(M) and there exists
an exact sequence 0 =M — S(B) — N, for some B € B and N ¢ £F(T).

Proof. If Q. (M) = ST(M) and there exists an exact sequence 0 — M — S(B)
— N, with B € B and N € £F(T), then by Lemma 4.6 Sy M — Q. (M) = ST(M)
splits. By Proposition 4.5, 0(M) is the rad -closure of ¢,(M) in ST(M), and if
¢y splits, then @, (M) is rad -closed in ST(M), so ¢, (M) = Q.(M) = ST(M).

Conversely, if ¢, is an isomorphism, then the sequence 0 — M — ST(M)
— 0 is exact, O

If T is contravariant, then the above results can be dualized. In this case, a
contravariant functor S: § — RW is said to be an adjoint on the right for T if
there exists a natural equivalence n: Homg (-, T(~)) — Homp, (-, S(-)). For any
" Me N and B e B, 7 induces ¢y = 7llyyyy): M — ST(M) and Yy = 7= 15y
B — TS(B).

The above results yield as corollaries several theorems of Morita [11], If
rY € gM, then V is a right E-module for the opposite ring E of Endp (V), and
the functor T = Homp (=, V)g: M1 — WE has an adjoint on the right § =
grHomg (=, V): WE — pJl. Inthis situation @2 V — ST(V) is an isomorphism, and
ST(R) is the bicommutator EndE (V) of V, which will be denoted by Bicp .
The module .V is said to be of type F p if Y1 (g) is an isomorphism. (It follows
from [10, Lemma 2.1] that this definition is equivalent to Morita’s definition in
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[11].) If RV is injective, then QT(R) is the ring of quotients determined by
radp, as is shown by [7, Proposition 3.1]. It then follows from Lemma 4.7 that
the ring of quotients determined by V coincides with Bicy (V) if and only if V
is of type F,. Furthermore, since V = 0.(V) = ST(V), Proposition 4.8 implies
the well-known result that the ring of quotients determined by V coincides with
Bicp (V) if there exists a homomorphism f: RR — V" for some 7, 'such that
ker (f) = Anny (V).

A module M is said to have V-dom dim M > 2 if there exists an exact
sequence 0 =M — X, — X, such that X, and X are isomorphic to a direct
product of copies of V. Since a module N belongs to £F(T) if and only if it
can be embedded in a direct product of copies of V, and a direct product of copies
of V is of the form S(B) for a free E-module B p» it follows that V-dom dim M > 2
if and only if there exists an exact sequence 0 — M — S(B) — N, such that
B is a free E-module and N € £F(T). Forany B € M, it can be shown by
merely considering a free E-resolution of B that V-dom dim S(B) > 2. Recall that
RV is said to be balanced if ¢p: R — ST(R) is an epimorphism. The next corollary,
which is Theorem 5.1 of [11], is a consequence of the preceding remarks and
Theorem 4.9.

Corollary (4.10) Let V be a faithful left R-module. Then V is balanced if
and only if V is of type F, and V-dom dim pR > 2.

If P R is a right R-module, then P is a left E-module for the ring E = EndR P),
and the functor T = zP ® p —: o1 = ) has a right adjoint § = gHomp, (P, -):
gl — I In this situation, ST(R) is just Endg (P), which can be identified
with Bicp (P). The module P is said to be of type F, if Y1 g, is an isomor-
phism. If P, is flat, then as before, Q,(R) is the ring of quotients determined by
P, and so by Lemma 4.7 the ring of quotients coincides with Bicp (P) if and only
if P is of type F,. Dropping the assumption that P is flat, if W is a cogenerator
in E)ll, let SW)=V. 1 Be E)T(, then since W is a cogenerator, W-dom dim ;B > 2,
and applying S, which preserves direct products, shows that V-dom dim pS(B) > 2,
On the other hand, if V-dom dim oM > 2, then by definition there exists an exact
sequence 0 = M — S(B) — N, with B isomorphic to a direct product of copies of
W, and N isomorphic to a direct product of copies of S(W) and therefore in £F(T).
Applying Theorem 4.9 then yields the following result, which is Theorem 5.3 of [11].

Corollary (4.11) Let Py be a faithful right R-module, and let E = Endj, (P).
If We E)ﬂ is a cogenerator, let pHomg (P, W) =V. Then P is balanced if and
only if P is of type F, and V-dom dim R > 2.
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